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We have two assets, asset A and asset B, and the market portfolio, asset M. The return on these assets is comprised
of an expected return (deterministic) and an unexpected return (random). We will assume that Z is a normally-
distributed random variate with mean zero and variance one. We will model asset returns as a Brownian motion
such that the equation for assets returns are...

1
T'm = (Mm - igi)t + Um\/iZm

1
Ta = (Ma - iag)t + Ua\/ZZa

1
o = (i — §U§)t + oVt 2

(1)

We want to model the returns for asset A and B as depending in part on the market return. Another way of saying
this is that the returns on asset A and B depends on the market return (systematic) and an idosyncratic return
(unsystematic or company specific). We add correlation to the models for asset returns by correlating the random
variables (the Z’s in this case). We do this via a Gaussian Copula. The random variable Z,, is purely random. The
Greek symbol rho will represent the correlation of the asset return with the market return. The random variables
Z, and Z, are correlated with Z,,, and here is how that is done...

Za = Pam Lm + V 1- P?lm €a (2)
Zb = Pom Zm + 1 = P €6 (3)

The Greek symbol epsilon represent normally-distributed random variates with mean zero and variance one that
are independent, i.e. not correlated.

We will assume that the correlation of asset A with the market equals the correlation of asset B with the market
such that we can remove the subscripts assigned to the Greek symbol rho. The above equations become...

Zo=pZm+\1—p2¢, (4)
Zb:pZm+\/1—p265 (5)

The first moment of the distribution of Z, is...
E{Za} - E[pZm + ﬂea}
= ]E[pZm] +E[Mea]
-nfa]

-0 (6)

...because E [Zm} and E [ea} are both equal zero by definition.



The second moment of the distribution of Z, is...
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=1 p?
=1 (7)

...because E [Z?n} and E |:6(21:| are both equal one by definition and E [Zmea} is equal to zero by definition.

The expectation of the product of Z, and Zj is...
E[Zazb] =E _(pzm + Mea> (pzm + Meb)}
B[22 4 pT= 2 Zmea + /T 5 Lo + (1 - p2)€a€b:|
—E _pQan} R [pﬂzmea} {E [pﬂzmeb} {E [(1 - p2>eaeb]

=p°RE [an} +pV1—p2E [Zmea} +pV1—p2E {Zmeb} + (1= p*E {eaeb]

= (8)

...because E [Z,Qn} is equal one by definition and E [Zmea} and E {Zmeb} and E {eaeb} are equal to zero by definition.

Putting It All Together

E{Za] = E[Zb} =0 (9)
E{Zi} = E{Zﬁ] =1 (10)
]E{Zazb} =p? (11)
We need to test the mean of Z,, and also Z, which is...
mean, = E [Za]
mean, = meany, = 0 (12)

This is what we want because the means of the normally-distributed random variates are zero by definition.
We first need to calculate the variance of Z,, and also Z;, which is...

s, =5[] - 2]

var, =1 — 02

varg, = vary =1 (13)



This is what we want because the variances of the normally-distributed random variates are one by definition.

We want to determine pairwise correlation between Z, and Z; which is...
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=p’ (14)

Conclusion...

Given the assumptions above the pairwise correlation between asset A and asset B is the square of the corre-
lation of Asset A with the market or asset B with the market (because they are equal by assumption).



